
AD—A071 3214 GEORGE WASHINGTON UNIV WASHINGTON 0 C SCHOOL OF ENGI—ETC FIG 20/11 ‘1r CONSIDERATIONS OF CRACK GROWTH AND PLASTICITY IN FINITE ELEMENT—CTC(LJ )
IJUL 78 4 D LEE. H LIEBOWITZ N00014—75—C—OflG

UNCLASSIFIED NL
i c r r

AD
AO 7l~ 24

r ENJ D

_____ 8 - 79

p 
- - - ~71



_ _

THE
GEORGE
WASH INGTON
UNIVERSITY

STUDENTS FACULTY STUDY 1~,
ESEARCH DEVELOPMENT FU1
URE CAREER CREATIVITY CC
MMUNITY LEADERSHIP TECF’~.
NOLOGY FRONTI~ SIGN.
ENGINEERING APP . . NCj ~ GEORGE WASHIN NI\

~L) ~ ~ -\

~~~~

i~
— J!j1 !.~~ ~

79 07
S( I~(X)t 01 t\( I\1 I

\\I ) \I’I~t III ) ~( II \( I

.~ 
THIS OOCUMII41 HAS SUP4 AP~1OYtD FOt $JKIC ULtASt AND SME~ ITS DIST1ISUTIOW IS UNLIMITTD

JSfi— — — —.- -
~~ 

.*__ ~~~_ -.—

A!
- -~~ 

- 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— -- -



it

/

~~~~~~~~~~~~~~~~~~~~~~~~~~~

(

__ 

\—
CONSIDERATIONS OF CRAC K GROWTH AND PLASTICITY IN /

• FINITE ELEMENT ANALYSIS

(y\ James~~
7
~~~~~~~ T old/Liebowitz \

~~~ij

School of Engineering and Applied Scienc~e A ~.
The George Washing ton University

Washington , D.C. 20052

~ 1 ~~~~~~~~~~~~~~~~~~ -~ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



AR ST RACT

A fini te element analysis was made of crack growth in a

center-cracked specimen subjected to monotonically increasing

load until the point of fast fracture. Since part of the

specimen experienced unloading , the boundary value problem

which was formu J ated was based upon incremen tal theory of

plasticity. Experimental load and crack-size records were

utilized . Linear relations between plastic energy and crack

growth were observed . Fracture toughness parameters &~, which
were evalua ted at the onset of unstable crack propaga tion , ob-

tained from finite element analysis were in good agreement

wi th those determined experimentally.
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I . In t roduc t i on

Linear elastic Iracture mechanics is widely used by research

workers and engineers as a tool to determine fracture toughness ,

or (~ , ,  for evaluat ing the suscep tibi lity of engineering

materials to unstable fracture. Since ductile materials have

higher resistance to crack growth than brittle materials , the

recen t trend is to develop more  duct il e materials fo r  structural

applications. h owever , ductile materials show a considerable

amount of crack-ti p j)lasticity and significant amount of crack

growth prior to the onset of unstable fracture.

A plastic zone correction [l ,.], the J-in tegral [3 ,4] and

COt) methods [5] ha v e been proposed to treat fracture involving

crack-til) plasticity in the absence of crack growth. Further ,

th e crack growth r e s i s t a n c e  curve  mcthed •[6J has been proposed

for cases having subcritical crack growth. Liebow~ tz and

Ff t is [7 ,8] introduced the nonlinear energy method which is

applicable to scm ibrittl e fracture. Jones et al [9] developed

a corresponding experimental p ro g ram to dete rm ine the toughness

parameter 
~
‘c and Licbowitz et al [10] provided theoretical

and experimental compar isons between their nonlinear energy

method and other existing methods. Rcccntly ione~ et al [11]

used four emp irical methods to determine ( in  the  range ofc

cr ack ~rowth .

In th i s wor k , a finite element analysis is developed for

crack growth problems based upon incremental theory of plasticity.
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I n  th i s pa~) CF , m e a t i O n  is  made of the work of Newman [12] whose

crack gcowth criterio n is based on c r a c k - t i p  s t r a i n  w i t h  e l emen t -

mesh si .~e being a p a r a m e t e r , and t h a t  of dc K o n i n g  [ 1 3 1  who

F ound  c r a ck  t i p open i n g  ang le  as c o n s t a n t  d u r i n g  the  process  of

c r a c k  growth. I n  t h i s  a n a l y s i s , t h e  r e a l i s t i c  e x p e r i m e n t a l

c u r ve r e l a t i n g  loud and c r ack  s i z e  is t a k e n  as an i n p u t,  in

order to demonstrate the valid ity of this work , the numer i ca l

output of  load and d i s p l a c e m e n t  is  compared  to i t s  e x p er i m e n t a l

c o u n t e r p a r t .  M o r e o v e r , a l i n e a r  r e l a t i o n  is observed be tween

p l a s t i c  e n e r g y  and  c r a c k  ~. i z e  d u r i n g  t h e  p rocess  of c rack

g r o w t h .  The f i n i t e - c l e m e n t  v a l u e s  of G~~, based  U~~Ofl e m p i r i c a l

m e t h o d s  d e r i v e d  by Jones et a l  [ 1 1 ] ,  a r e  in  good a g r e e m e n t

w i t h  the  exp cr  i m e n t a l  v a l u e s .

‘1 .
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2. Stres s-Str ain Relations

In  l i n e a r  e l a s t i c i t y ,  t h e  s t r e s s - s t r a i n  r e l a t i o n s  for  a

- homogene ous i s o t r on i c  m a t e r i a l  c a n  be written in e i t h e r  of the

f o l l o w i n g  forms [14 J :

= A ~~~~~ 
ó j i + ~4J c~~ , (2. 1)

1 A -,
= 2~ °jj 

- 
+ 2j7) °kk ~i j  ~ (2.~~)

where  A and p arc the Lame constants , o~~ and c~~ are the

stress tensor and s t r a i n  t ensor  r e s p e c t i v e l y .  I n t r o d u c i n g

st re ss devia tor s 1 as follows:

°i j  - 3 °kk 6 i j  
(2. 3)

(2.2) can be rewritten as:

= (1 + v )  s j~ + 
1 

°kk 6 i.j (2.4)

where  F and v arc Young ’s modu lus ari d Po i s son ’s ra t io respec-

t iv ely.

In  n o n l i n e a r  e l a s t i c i t y ,  a d o p t i n g  t h e  mode l  su g g e s t e d  by

Rai n b crg  and Osgood , we g e n e r a l i z e  the  s t r e s s- s t r a i n  r e l a t i o n s

as follows:

- 1 - ZV n - i
• ~ I + v)  ~~~ + 

~~~~~~ ij  ~ ~~C 
5
jj, (2 .5)

where  t h e  e f f e c t i v e  s t r e s s  o~ i s  d e f i n e d  a s :

s~~ s~~ ( 2 . 6 )

~~~~~ I~~
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S In s i m p l e  tens ion  tes t , n a m e l y ,  all stress components are zero

CXCCj ) t  oil 
= a, we obtain the following nonvanishing components

of 
~~~~~ 

5 1j and the effective stress:

Li 11 
= ~ + ~~~ - L

Li 22 = Li_ 3 = - ‘JO - -
~~

~1 1 = ~ ‘ (2.7)

k ~ 2 2 = 5 33  
- 1

(1 0 .

For the  t h e o r y  of i n c r e m e n t a l  p l a s t i c i t y ,  a c e r t a i n  p o r t i o n  of

the  material is said to be in an unloading situation if its current

effective stress o is less than the  maximum effective stress

u~ i t experienced before , otherwise i t is said to be in a loading

situ ati on. The rela t ions betw een incremen tal stresses and in-

cremental strains i n  the loading situation can b~ deriv ed from

eq n .  (2.5) as follows :

= (l+v) ds 1~ 
+ 

2v dokk ~ jJ

-
~ 

n-i q
+ -

~~ 
ao~ 

d s.. + 
~~ 

a(n-l)a S
U 

Ski dskl . (2.8)

In the unloading situation , we a s s u m e  the incremental stress-

strain relations are the same as t h ose in linear elasticity,

i.e.,

= (l+v)ds 1~ 
+ 

~~ 
dc~~ ~~ 

(2.9)

The stress-strain relation in the case of simple tension is

illus trated graphically in Fig. 1. In the case of generalized

4
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p lane  stress , equ .  ( 2 . 8 )  may  be w r i t t e n  i ij  t h e  f~~l l ow i i i g  m a t r i ;

• f o r m :

• d~. h 11 1117 11 13 do

dc~ h 1., h 22 F z _  do~ , ( 2 . 1 0 )

1113 h 73 h 33

wher e

U 11 = ii + g + h (2o
~
-o
~
)2}/E

1112 = (- v - g/2 + h ( 2 o ~~
-o

~~) ( 2 a~~-o~~f l/ E

11
j 3  

= 6h (2a
~
-o
~
)o
~~

/li

1122 = U + g +

= 6h ( 2 u ~~-u ~~) o~~~/E

h33 = { 2 ( l + v )  + 3g + 36h

and
n — i  n — 3

g ao
~ 

, U u l n - l ) o  / 4

F q u i v a l e n t l y ,  eqn.  ( 2 . 1 0 )  can be e x p r e s s e d  as

dci d u d 12 
çj~~~ di

I
dci y = d12 d22 ~1 7 3  di

y 
(2.11)

• 
dci
~~ 

d 13 d 73 d 3 dy

where ma tr ix [d.. ] is t h e  i n v e r s e  of m a t r i x  [ h . .  . In the case

• of unloading, we have

4
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1-,
dox 

1 V 0

do = v 1 0 di . (2.12)

1~~v 2 y

dLl xy 0 0 (l-v)/2 dY
~~

‘1
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3. S t r a i n  En e r g y

• Lu the case ol a s i m p l e  t e n s i o n  t e s t , i f the  specimen is

first loaded inonoto nically f r o m  o = () to  a = o~ and th en un-

loaded monotonically i ron a = o~ to a = 0, we obtain the  follow-

ing s t r a i n  componen t s :

C l i  = dc~ 1 
+ 

f 
dc 11

c i.  0

= 

.~~~~~~~ 

~[l + :na ]do + ~~1c

= ~~( [ l  + cLo* 10* -

11
= ~ao* , (3 .1 )

= c~ 3
: ~ = ~~~~~~

= 

f ~ L - V - ~,ana ]do +

i n
= - .~uo * /L . 

( 3 . 2 )

No te tha t , in e v a l u a t i n g  the  f i r s t  and second i n te g r a l  of eqns .

(3.1-3.2), the general incremental stress-strain relations (2.8)

and (2.9) arc utilized respectively. c11 
= c and r 22 = C

4
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so obtained An cqns .  (3.1-3.2) are called p l a s t i c  s t r a i n s  which

arc the  r e s i d u a l s  a f t e r  the  a p p l ie d  load is removed .  Compar ing

cqns .  ( 3 . 1 - 3 .2 )  w i t h  eqn.  ( 2 . 7 ) i and eqn .  ( 2 . 7 ) 2 ,  we may r e w r i t e

eqn.  ( 2 . 5 )  as

= E ( c ~~ + ~~~ , ( 3 . 3 )

whe re  the  e l a s t i c  s t r a i n s  and p l a s t i c  strains are

Ec~~ = ( 1+~ ) s + °kk ~ i j

- n - i
•1 ’ = -~-ao s .  -

13 - C 13

Now suppose , in a g e n e r a l  case , t h e  l o a d i n g  and u n l o a d i n g

history of a certain portion of the  m a t e r i a l  can be d iv ided  in to

two s t a g e s .  I n  t h e  f i r s t  s t a g e  t h e  e f f e c t i v e  s t r e s s  inc reases

m o n o t o n i c a l l y  to o~ w h i c h  co r r e sponds  to  o~~ and in  t h e  second

stage the effect stress decreases monotonica lly to °e which corre-

sponds t o  ci . Then  t h e  s t r a i n  e n e r g y  d e n s i t y  c~ can be o b t a i n e d  as :

• 
0 * H•1 p 0 ~~C H0 . .  d c . .  + o . .  di ..

Ii 13 13 13

0

5) -,

= 
l
{
1 ~ V 

~ + —_r——
~°kk~ 

+ 
Ti 0~ n +l ) (3 4)

we notice the strain energy densit y can be separated into two

par ts:

= 
1 {1 ‘J + h ~°kk~~~ ‘ 

(3 ,5)

4

~~p 

= 0~ n+l  
, ( 3 .6)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

—

. ~~~~~~~~~~~~~ 
—. ,— ~~~~ ~~~~~~~——~~~~~~~~~ - -— — - 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ . . — . _ _ _ _



— 9 — —

where  tile e l a s t i c  s t r a i n  e n e r gy  de n s i t y  
~~ 

i s  a f u n c t i o n  of t h t ~

c u r r e n t  s t r e s s e s  ~~~ and tile 1)laStic strain ene rgy  d e n s i t y

is a f u n c t i o n  of m a x i m Um c l t T e c t i v c  s t r e s s  a~ - The i r r e v e r -
C

s i b l e  and d i s s i paz ive n a t u r e  of p lastic strain energy density

is indicated in e q n .  (3.6) . In  two dimens ional problems , the elastic-

and p l a s t i c- s t r a i n  e n e r g y  per unit thickness over an area A

can be o b ta i n e d  a s :

dA , ( 3 . 7 )

f 4~ dA . ( 3 . 8 )

4
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4.  C e n t e r - C r a c k e d  Specimen

In t h i s  w o r k , we focu s our a tt en t ion on a rec tangu la r

p l a t e  of l en g t h  2i , w i d t h  2w , and t h i c k n e s s  B , w i t h  a centered

l i n e  cr ;~~k of i n i t i a l  c r a c k  S I L O  2a 0 s u b j e c te d  to s y m m e t r i c

bounda ry  c o n d it i o n s  ( c f .  F i g .  2 ) .  T h e r e f o r e  o n l y  the f i r s t

quad ran t  of the  plate R = [x ,y{0 < x w , 0 < y < £] needs to

he a n a l y z e d .  l i x p e r i m e n t a l l y  one may o b t a i n  a curve  of app l i ed

s t r e s s  o vs c rack  s i z e .  A r e a l i s t i c  e x p e r i m e n t a l  curve  r e l a t i n g

o and a is shown in Fi g.  3. t~e are interested in the  i n v e s t i ga-

t io ’i  of the process  t h a t  cr ack s iz e s low ly in crea ses from a = a0
to a = a as the a p p l i e d  s t r e s s  i nc r ea se s  f r o m  ci 0 to ci =

Suppose  we have two a dj a c e n t  s t a t e s :  a = and a = ~~~ at

St a t e  1 , a = ~ ( 2 )  and a = a~
2
~ at State 2.  C o r r e s p o n d i n g l y ,

the  b o u n d a r y  c o n d i t i o n s  may be sp e c i f i e d  as (c f . Fi g .  4 ) :

= ku~~’~~, °
~~

>- 
= 0 OIl S 1 [x = w , 0 < y 

~~~] , ( 4 . 1 )

= ~~( i )
, °xy - 0 on 

•
[ ‘  = ~ 0 ~ x ~ w) ( 4 . 2 )

U
x 

= 0 0 on S3 E [x = 0 , 0 < y < Z]  , ( 4 . 3 )

= 0 = 0 on S4 [y = 0 , 0 < x a~ ’~~j, (4.4)

= 
° = 0 on s 5 [y = 0 , a~~’~~< x < w ] .  (4 . 5)

In  o t h e r  words , t h e  b o u n d a r y  c o n d i t i on s  a s s o c i a t e d  w i t h  the

process from State 1 to S t a t e  2 can be e x p r e s s e d  as ( c f .  F i g .  5 ) :

4

4 -- .— - . -
- 

S 
- 

;
•

LL~~~ -~~ . 
___ 
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= k[o~
2
~ - ~~~~~~~~~~~~~ 

i5o~~, = ~ , ( 4 . 6 )

= - ~(l) , . = 0 on S., , (4.7)

~iu = 0 , 
\)‘ 

= ~ On S3 , (4 .8 )

~SO y 
= 0 , = 0 on [y = 0, 0 < x ~ a

(U j, (4.9)

= - (SO~ y 0 on r 2 [y = 0, aW <x< a(2)] , (4.10)

~SU y 0 IS O
~~~ 

= 0 on [y = 0 , a~~
2
~~< x < w ~~, ( 4 .11)

where 
~

•
y is the stress of State I distributed along y = 0

(1) ( 2 )between a < x < a

If we have the  solutions of State 1 , th en , for any g iven

adjacent state specified by ~ ( 2 )  and a ( 2 ) , t h e  bounda ry  con-

ditions for the transition from State 1 to State 2 are well de-

fined in  eqns. ( 4 . ~~- 4 . l 1 ) .  fhe  e q u a t i o n s  o f equ i l i b r i u m  and

tile strain-displacement relations in t he  incremental form can

be written as:

ISO = 0 ( 4 . 1 2 )

= ~ (óu~~~ + 6u~~~ ) . (4.13)

bqns . (4.6-4.13) w i t h  eqn. (2.8) and/or eqn. (2.9) mathematically

defin e the crack growth problem as a b o u n d a r y  v a l u e  p rob lem.

After the boundary value problem is solved , the stresses ,

st r a i n s , and d i s p l a c e m e n t s  at  S t a t e  2 may be obtained as

4 

- i~ ’_~- t!.’t . . S-n~~~-. 
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= + c~ c j . .  , 
(4.14)

= + 6c~~ , 
(4.15)

~
(2) = u~

’
~ + ~ u .  . 

(4.16)

FoHowing the same procedur e , one nia v  a n a l y z e  stepwise the

whole pr ~ eesS of s low  c r a ck  g r o w t h  U9 to the onset of fast

c r a c k  p r o p a g a t i o n .

‘1
El

4

- 

--5
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s . I : in i to Li emen t  P r o c e d u r e

Le t a f i n i te cl emen t mesh w i t h  N noda l poin ts and N

triangular elements be set up il l  region R = [x ,y~ 0 < w , 0 < y ~

in this work , N1) 
= 300 , Ne 

= 518 , and a ser i es of very  f i n e

elemen ts are being distributed along the path of slow crack

growth. The area of those elements is in the order of 10 6w2..

If j is the  number of a certain nodal point , t hen  u 2~ - ~ 
and u 2~

arc the displacement of that point in x and y direction respec-

tively, and are tile corresponding external concentrated

force components acting on that point. The displacement field

within each triangular clement is assumed to be linear with

respect to the coordinates. Therefore the strain field , arid accord-

ing ly the stress field , within each triangular element are constant .

For each elemen t ( c f .  F i g. 6), let the incremental strain field

[ócJ , incremen tal stress field 1601 , and incremental nodal point

d i sp l ac em en ts [6 1 be re p r esen t ed by

•1’
‘1 [6cJ [6c~~, óc~,, óy~~

.l , (5 .1 )

[ooj [6o ~~, 6 o )  , ( 5 . 2 )

[61 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. ( S . 3 )

Then we have

[öcl = [B 11 61 , (5.4)

[6oJ = [dJ [6k]

4 
J

4 .  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where td j is a 3 x 3 matrix as indicated in eqns. (2.11) and (2.12)

which arc valid for loading and unloading respectively, and

b . 0 h . 0 h 0

[~ 1 0 c . U c. 

k 

C
k 

(5.5)

c . b~ c~ b~ L
k 

bk

1 x 1 y
~

E det 1 x~ ~v’~~ 
(5. 6)

1 X k ~k

b~ 
- 

~
‘k 

- + ‘k 
( 5 . 7 )

with the other coefficients obtained by a cyclic permutation

of subscripts in the order of i , j ,  k . Th e sti f f n e s s  ma tr ix

per unit thickness of this triangular element linking incr e-

mental torccs and incremental displacements may be obtained as

[15 , ~~~ :

[ k J  = [BJ [dJ [BJ A , ( 5 .8)

w h e r e  A i s the area of the element. Finally t h e  governing

equation can be written as:

2N~

K~~ iSu~ = 6f ~ , a = 1 , 2 2N ~ (5.9)

6=1

- 
—

~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~ t~~~~~~
_
~ i_ -5~~~~~~~~~ Z-5 

- ______ - — --
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where  the ZN 1) x ZN 1) stif Fness matrix [KJ is equal to the sum of

N0 local stiffness matrices [k1 1 , I = I 

A s m a t r i x  [dJ of each clement depends on the current stresses a

when that element is in a 1oadi .~~ s i t u a t i o n , the  matrix (KI also

depends on the  whol e s t r ess f ie l d .  Thus , an iteration process

has to be taken to solve the nonlinear matrix equation (5.9). The

i tera ti on pro ces s could  be descr ibe d as f o l l o w s . Suppose , in a step

by s t ep  process , we h ave  the  solutions of State I , ( i . e . , fo r  each ele-

mont we have the current stresses c i .  - and t he  maximum effective
13

stress o~ ) .  Then , for each clement , we guess at the stresses o~~ of

State 2. Then the current effective stress o~ and the e f f e c t ive

stress o~ maybe obtained respectively f rom

0 = + o - + 3o~~ ) , (5.10)

-. .~2 ~2 ~~~~~~,. ~2 ½
= + - + 3o,~,) . (5 . 1 1)

The correspond ing matrix [dl for each clement may he found from one

of the  three f o l l o w i ng cases :

* *(1) ~ = and u
~ 

>

For case ( 1) ,  the clement is in  a loading situation ; matrix [dj is

assumed to be the avera ge ma t r ix  co r r e s p o n d i n g  t o two sta tes of

stresses , i.e., 
S

= ~~~~~ (ci) + d .. (a)] - (5. 12)

(2 )  
~~ 

and <

— . -- 
- 

- _____________________

5-
- _ _ _ _ _ _ _  ______________ 
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For case (2), t h e  clement is in  an un loadin g situation ; ma trix

[UI should be the same as i n d i c a t e d  in  c q n .  (. 12).

*
(3 ) * and o a

C C C

For case (3) , t he e l e r i e n t  h a s  ex~~c r i e n e e d  unloading and is being

loaded again , the ::iatrix I d i is  o b t a i n e d  as -

d. . I d~~~(~~) + ( 1 - f )  d~~JO )  (5.13)

wh ere

f E (o~ 
- o~~) / ~~e 

- 
‘ 

(5. 14)

and d~~ (O; denotes t he  m a t r i x  c o r r e s p o n d i n g  to v a n i s h i n g

stre ss state.

After solving eqn . (5.9), one may obtain the calculated

stresses and its corresponding effective stress . The

iteratio n process will be continued until , fo r  each e l em en t ,

tile guessed stresses and calculated stresses are approximately the

same and the averaged percentag e dif ference between and

is below certain allowable values of error. Afte r the itera-

tion process i~ comp leted , it is strai ghtforward to calculate

• q u a n t i t i e s  of interest in  fracture mechanics.

: —.
I 

-
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~~~. Diss ipated Luergy and d rac k ~ i- o w t i i

The irreversi b l e  and d i s s i p a t i v e  natur e of plastic stra in

energy density h a v e  b een i n d i c a t e d  in  Sec .  3 . A f t e r  t h e  i t e r a t i o n

process  for  a c e r t a i n  i n c r e m e n t a l  s t e p  is  comp l e t e d , we have the

correc tly guessed stresses and t h e  corresponding effective

stress o~ of a new state for each f i n i t e  e l e m e n t .  I f  t he  n e w l y

obtained effective stress is l a r g e r  t h a n  t h e  maxi mum effective

stress o
~ 

obtained in  the previous states , one should  re p lac e

by a
~ 

, which wi ll be used as the  maximum effective stress

for the next i n c r e m e n t a l  s t ep .  Now we recall the expressions for

elas t ic and plas t ic st r a in  ener gy densi ty as f o l l o w s :

~ 2I J + v l - 2 v
1 T  °c 

+ (6.1)

Ii + 1
= u:ç~T)~~c . (6.2)

We not icc that 4. depen ds  on the current stresses and therefore

dciuonstratcs its elastic n a t u r e .  On the  other hand , .~ is a
P

monotonicully increasi ng quantity because is always increasing,

this corresponds to the irre v e r sibility of plastici ty and

the dis sip ative nature of plastic energy . After the finite

element analysis for each incremen tal step is completed , it is

s t r a i g h t f o r w a r d  to o b t a i n  t h e  t o t a l  p l a s t ic  energy P (per unit
V

thickness) for the whole region k as f o l l o w s :

4 _ _ _  _  __

I 
- --—

~~~~
- - - 

p
— - - I

T

~

—

~

.-—-- 
~~~ ~~~~~~~~~~~~~~~~~~ 
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N

P =

~~~~~~~ 

(
~ l)A) i . (6.3)

j O E  a stationary crack p robl em , t h e cr ack s i z e  is regarded

as a g iven quantity and hence the question is to determine the

critical load at the onset of slow crack growth. However , as

the crack starts to grow in a stable situation , one has to

treat crack size as a variable. Strictly speaking , on e more

variable corresponds to one more governing equation for the

sy stem . Before one can establish a governing equation for

crack size , the relation between crack size and other fracture

parameter has to be proposed and t e s t e d  [12 , 13] .  M o t i v a t e d  by

the Griffith ’ s concept [17 ,18] that surface energy is propor-

tiona l to its area , and the en er gy fo r  the new f r a c ture su r face

has to be supplied from the released strain energy of the speci-

men , we decided to take the energy approach. Since crack growth

is g e n er a l l y  regai- u - d  as a irreversible process and crack size

is an ever incre asing quant it y , we propose that crack growth

is a function of plastic energy, i.e.,

• a - a
~ 

= t T ( 1 ~ ) . (6.4)

We mention that l3roberg [191 proposed a similar concept which

can he expressed a s :

dU 0/da 
= dD 0/da , (6.5)

where i s  the energy flow to the process region and D0 is

the energy d i ss ipation in the process reg ion .  Howev er Broberg ’s

41 -  
_ _ _ _

~~~~~~—~~~ - T ~~~ TT~~~~~
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engineering approach is based on the so c a l l e d  a p pr o x i m a t e

pa th - independence  of J - i n t c gr a l  ev en in the cas es of crack

growth .

After we analyze a realistic crack growth problem with all

the input data o b t a in e d  e x p e r i m e n t a l l y ,  we observe the following

fact:

a - a
~ 

= B ( P - 1 ’ 0 ) ( 6 . 5 )

w h i c h  mea ns  the  a m o u n t  of c r ack  gr o w t h  is l i n ea r l y  p r o p o r t io n a l

to t h e  i n c r e m e n t  of p l a s t ic  ener gy . The n o r m a l i z e d  p l a s t i c

energy  per un i t th ickness  p P E / o~w
2 is p lotted against normalized

crack size c a/w in Fig. 7. The correlation coefficient

attains a hig h value of 0.9997. Lqn. (6.5) may be rewritten as

P 0 + (a-a 0)/~

(P ’y a0/~ ) 
+ a . 

(6.6)

I .
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7. Fracture Toughness

Liebowi tz amid Eftis [7,8] developed a nonlinea r energy

method to evaluate the toughness parameter G . f r om a s i ng l e

l o a d - d i s p l a c e m e n t  record  fo r  cases  of no c r a c k  g r o w th .  The

me thod may be br ie f l y described as follows . First , let the

experiment load-displacement record be represented by

1 , v = + k( L) , ( 7 . 1 )

where v is the load point displacement , F is  the  load , 1/H is

the crack size dependent elastic compliance , n and k are cons tan ts.

Th en for  a g iven critical load F c~~ 
one may ob ta in  a d imens ionless

quantity C representing the nonlinea rity as follows :

F
C = 1 ÷ 

~
-
~

-
~

- (
~~~~~) 

(7 .2 )

The nonlinear toughness parameter 
~c 

is obtained as:

( 7 . 3 )
C L

w h e r e  is  the c o r r e s p o n d i n g  l i n e a r  e l a s t i c  fr a c t u r e  toug hness  and

may be ob ta ined  by u s i n g  Irwin ’s C - K  r e l a t i o n , i . e . ,

K / L  . ( 7 . 4 )

And K . is determined using the following polynomial expression

for center-cracked specimen [201

K o / ~~i [1 - 0.1 + (s) ] (7.5)

Jones ct al [11] further developed four different methods to

acc oun t fo r  th e e f f ect of subcr it ical  crack g rowt h.  We b r i e f ly

i~ 
-

-
~~~~~~~~~~~~~~~~~ 
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d e s c r i b e  t h e s e  f o u r  m e t h o d s  and in each method we compare  the

e x p e r i m e n t a l  v a lu e  of G w i t h  t h e  numerical value of G ob ta ined
c c

by u n i t  c — c  l e m e n t  aiial ys i s .

M e t h o d  l

The e x p e r i m e n t a l  p a r t  of t h i s  m e t h o d  can he s e pa r a t e d  in to

two steps: (1) to determine C from the experimen tal load dis-

placement record , ~ 2 )  to  c a l c u l a t e  
~~~~

, by eqn s. (7 . -2 - 7. 5) us ing

actual cr itical stress o and i n i t i a l  c r a c k  s i z e .  For  i l lus -
c

trative purpose , we take specimen ~l1 (2024-T3) as an examp le

and the data for that specimen arc listed below :

2w = 12 i n .

2a 0 6 in.,

29. = 32 in.

F = 10300 k s i , ( 7 . 6)

v = 0 . 3 3

o~. = 53.04 ksi

n = b . 0 2 5

u — i
= 2. 20 7

And load-crack size relation is p lotted in Fi g. 3 , w h i c h  is

taken a- an input in this w o r k .  As an output the numerical

data for load-displac ement curve obtained by finite clement

analys is are plotted in Fig. 8 to compare with the experimental

curve. I n  this par t uc ti lar case we have

• 1 
_ _ _  

_ _ _  __ _ _

~
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(Exp) = 521 lb/in., 
~~ ~

FE) = 473 lb/in. (7.7)

The d i f f erence is ab ou t l 0~ ; 2~ comes from the calculation of

due to f a c t  that eqn. (7.5) al~~ays g ives hi gher value for

and hence  higher value for (I. from eqn . (7.4) and 8% comes

from the calculation of C due to the discrepanc y between

finite-element and experimental data in the load-displacement record.

Method 2

The experimental part of this method involves the deter-

mination of a hypothetical load-displacement curve assuming

there is no crack growth. Eftis et al. [12] propose that

= Fc M ( a 0 ) / \ 1( a ) ( 7 . 8 )

being used as the critical load corresponding to the hypo-

thetical load-displacement curve. Lee and Liebowit z [22] de-

ve loped a c o m p u t e r  program which can be used to analyze a

c e n t e r - c r a c k e d  specimen in  the nonlinear range without crack

growth , and therefore it is strai ghtforward to find P assuming

critical displacement V~~ to be the same as o b t a i n e d  expe r iment -

a l l y .  We f i n d  that

G ( F L )  = c ( F E )  
~~ 

(JE)

2
= 1 .132 5 x 381. 77 (14.01/12.8)

= 518 l b/ i n .  ( 7 . 9 )

No experimental value for has been reported by Jones et al

[11 ] .

(4
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Met_hod S

t h e  expe r i m euita I part of t hi s method i uvo 1 yes the deter —

Ut i n a t  i o n  of  
~~~ 

, n~~ , k0 , and  C accord jug lv , I ro n t h e  po r t i on of

lodd-displlcemL-ut curve , wh i ch fias i o c r a c k  gro w th , a n d t he

Va 1 uc o I ron ‘. oil ow i ug cjw~ ion

—
~~ 

. -~ n o
V = + K (7. 10)

0 0

Th e c ~c r m ~cii  t a 1 ~ a I uc of C 1 s rep orted to be 520 l b / i n .  and
I—

t i m e  m m i i t e - e l e m i m e m i t  v alue of C i s  found to be 519 . 7 l b / i n .
c

L~~t b o L t

tJ t i I i ing K0 and n 0 oh t a i n ed in  ~1c t hod 3 , we recall eqn

7 . 1 )  a nd  w r i t e  as  f o l l o w s

F F
V = + k 0 ( 1~~) , (7. 11)

which is used to  det ermin e ~1 . M ( a ~~) . The cxperimen ~ al

pa r t  o I t Ii is method is to determine C. based upon M~ h
0 

,

F , and  C . ,  bu sed upon  c r i t  i ca l crack size a .  The exn er im ent al

v a l u e  0 1  C i s  rep o r t c d  to  he S~fl l b / i n .  H o w e v e r , we found

that G~ (1~~ = 4 9 1  .o l b / i n . ,  wh ici l we believe is mere r e l i a b l e .

I n  s u m m a r y , t h e  f i n i t e - e l e m e n t  v a l u e s  of  C f o r  f ou r  d i f f e r e n t

• m et liods a rc 473 , 518 , Si 9 . 7 -2 . u compu r i w i th e x p e r i m e n t a l

val u es 521 , - , 5 0 , 581 r e s p e c t i v e l y .

-i
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8. Conclusions

In this w o r k , we focused our attention on t he  finite ele-

ment analysis of  crack growth in  a center-cracked specimen

su b j e c t e d  to m n o u o t o n i c a l l y  i n c r e a s i n g  l o a d s  u n t i l  f a s t  f r a c t u r e

occurs. During t he  process of crack e x t e n s i o n , a l t h o u g h  the

applied load is increased m o u o t o n i c a l l v , p a r t  of t h e  spec imen

has e x p e r i e n c e d  u n l o a d i n g .  T h e r e f o r e , in th i s wo rk  th e b o u n d a r y

value problem formulated is based upon incremental theory of

plast icity.

Since , in a crack g r o w t h  p r o b l e m , crack size is no longer

a g iven constant parameter and must be treated as a variable , a

governing equation for crack size is needed. Before we can

formulate such a governing equation , an experim ental curve

relating load and crack size is taken as an input and hopefully

from t he  output one may  f i n d  t h e  relation between crack size

• and other fracture parameters derivable f r o m  t h e  s t r e s s  f i e i d .

Because of the irreversible and dissi pative nature of pla sticity

and crack growth , we believe that crack size should be related

to plastic energy. Indeed , after the completion of the analysis ,

we do observe the fact that the amount of crack growth is

linearly proportional to t h e  i n c r e m e n t  of Plastic energy. In

another study of ours which i s  in progress , tile linear relation ,

• will be employed as an input rep lacing the experimental load-

crack size curve. If the result yields a load-crack size

c u r v e  w h i c h  i s  in agreement wit h  the corresponding experi-

-. -
~~~~~~ -—--——.—
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i imt mi t a I a r e  t li.mi O U C  h a  v c 1.m Ni a ~:ove  m - mi z i r  t-~ wa t i on for i rack

size.

• A n o t he r a s p e ct  ~ h i c h i  i s  o f  co i ~c e r m m  i s t Ile fractur e tough-

I i o s ~~ H m F . l i . I C t e F  C . i l e F o l - , i t :  • i : m J  cu’~or k c r s  ~ lOj developed

1 l o l l  i ite m r e l i e  r~ v N I t ’ t hod o ~~t i t co F F t s  pond  ti ~~ exp e l ’  m en La 1

~ 
t o e  edu  e to r t i e  J e t  e r mu t mia  t i o n  o I C i t t be oust’ t of stable

e r u e  K i o ~ t h i .  R et  c i i  t i y don e  s C 1 1 1 1 p 1 _ s e n t  ed f o u r  d i f —

I t  r e m i t  cmmi i i i F m c a 1 he t b u d s  t o  l m c c o l z m l  t f o r  t ic ei~f e e t  of subc r i t i c al

c rut K ~ roi .. t h i .  t h e s e  me b u d s  e i i ; m b  I e ii~~ o J e t  e ru i t ie  t i le  f r a c t u r e

o u t ~h i i e s  -
~ 

pa r ; mmi ic  t e m - C a t  t he ofl5t t of un st ab l e crack p ro p a —

i on ha -~cd u p~ t l i t  e •x pe F i m cii t a 1 1 wi~l — Li i sp I I IC em en t r e c o r d .

I h e m m  t l i t  h u u t  ( e  - e I e l k - i l  t vu  t u e  s t~ t i m e  ii w e  Fe J e t  c rmn i ned lot C we r e

c um i n! red t o t t i e  co  r res pond e \ pe r i - e n  a I v a li mes sat i s flm c tory

m g  r e t m u l c i m  I s m  -
~

l im e t o ! ! O W i Ii ~~ p o i n t s  S i l O i m i L l  h e  s t r e s s e d .  I I C  u t s  ( o r  t h e

(•omfl i )tm t t’ F  p m o ~ F inn  u t u e  1 ti de t l i e  m i t t  er  i~~t i  c o n s t a n t s  ~ and  II , in addi -

b i t  t o  ~~O L m t i I ~~’ :~ m o d u l u s  I. and  ~~0~~~~5 0 1 1
t

5 r a t i o  u , d e t e r m i n e d  f r o m

t he m uuu I~Ie t & m i s l o i t  test 0 1 u n i i o t c h i e d  s p e c i m e n .  h o w e v e r , as a

ma t t e r  u I t u e  t , - ‘ ; m t i d  ii v u  rv  o v e r  a w i d e  t a n  ~c w h en  one tri e s t o

r be t hmi• i.~ ~~ t r i h emi t a I st  re~ s 
- t r . m  i n  c u r v e  b e  a t hr ee  pa r a m e t e r

ex P Ft  5 5  m on • m mi d , F rom our cx per I e l  ~ e , t b e f i n  I t e e i CIUCn t computer

prog rc ;u Is q u i te s e n s i t i v e  to t h e  i n p u t  a ~m nd i i .  ice believe this

is th e uuua ~~or  r e a s o n  f o r  t h e  e x i s t  i n~ d i s c r e p a n c y  b e t w e e n  t h e  exp er i -

mcn t ;m I l oad—di sp lacement C U r v e  m f l t l  i t s  I ti uit e—e l emnen t counter—

p i t t  , w i i m t l m  hit s • m S .  2~ d i i  l er emi c e ii- u d i s p l a c e m e n t  at  t he c r i t i c a l

(4
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l o a t h . \ I  t h o u g h  t h e r e  m ;  a d u s c r e I a n c v  , we F i n d  t h a t  t h e  f i n i t e -

e l e m e n t  v ;m lues oF C hmms ed ott t he eump I c~i I I l e t h o d s  have less

stat t e r t h a n  t lie cx r i en  t a 1 e ann e run r . C eu c r a  11 v speak i m ug

t h u  s u s o r k  p r o v  i d e s ’ u p p o r t  t o  t u e  ;eul i n t- ; m r t i lt rgy method de-

ye loped h~ I .i chow it antI L I  t is , h I  t : 5  ant i Li c h o w  it z 8] and

i t s CO r re s p o m i d  1 ug cx p e r  i m c i i  t a  I p r o c e u n r e  S Joiies et  al 1 Y I

I. i e h o w  it : et  a I l (t~ m u t t  •Jones et :1 1 1 1 1 , t le t crm in ing the

trac t U i t  t O u i ~~h l l e S  s vu  I ties i i i  t tu e raim ’e o stall 1 c c r a c k  gr o w t  h .

(4
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